Abstract. Let E be a separable Banach space and Ω be a compact Hausdorff space. It is shown that the space C(Ω, E) has property (V) if and only if E does. Similar result is also given for Bochner spaces L p (µ, E) if 1 < p < ∞ and µ is a finite Borel measure on Ω.
Introduction
Let E and F be Banach spaces and suppose T : E → F is a bounded linear operator. The operator T is said to be unconditionally converging if T does not fix any copy of c 0 . A Banach space E is said to have Pe lczyński's property (V) if every unconditionally converging operator with domain E is weakly compact. In a fundamental paper [14] , Pe lczyński showed that if Ω is a compact Hausdorff space then the space C(Ω), of all continuous scalar valued functions on Ω, has property (V); and he asked ( [14] Remark 1, p. 645; see also [9] p. 183) if for a Banach space E the abstract continuous function space C(Ω, E) has property (V). This question has been considered by several authors. Perhaps the sharpest result so far is in the paper of Cembranos, Kalton, E. Saab and P. Saab [5] where they proved that if E has property (U) and contains no copy of ℓ 1 then C(Ω, E) has property (V). There are however many known examples of Banach spaces that have property (V) but fail to satisfy the above conditions. For instance, Kisliakov in [12] (see also Dealban [7] independently) showed that the disk algebra has property (V); Bourgain did the same for ball algebras and polydisk algebras in [4] and H ∞ in [3] . For more information and examples of spaces with property (V), we refer to [11] and [17] .
In this note, we obtain a positive answer to the above question for the separable case; namely we prove that if E is a separable Banach space then C(Ω, E) has property (V) if and only if E does. We present also some applications of the main theorem to Banach spaces of compact operators as well as for Bochner function spaces.
Our notation is standard Banach space terminology as may be found in the books [8] and [9] .
2. Definitions and some preliminary results Definition 1. Let E be a Banach space. A series
x n in E is said to be weakly unconditionally Cauchy (WUC) if for every x * in E * , the series
There are many criteria for a series to be a WUC series (see for instance [8] ).
The following proposition was proved by Pe lczyński in [14] .
Proposition 1. For a Banach space E, the following assertions are equivalent:
(ii) For any Banach space F , every bounded operator T : E → F that is unconditionally converging is weakly compact.
Let us begin by recalling some classical facts: Fix λ a probability measure on Σ and let m ∈ M (Ω, E * ) with |m| ≤ λ and ρ be a lifting of L ∞ (λ) (see [10] and [20] ).
For x ∈ E, the scalar measure xom has density dxom/dλ ∈ L ∞ (λ). We define ρ(m)(ω)(x) = ρ(dxom/dλ)(ω). It is well known that
and
for every measurable subset A of Ω. Note also that ω → ρ(m)(ω)(Ω → E * ) is weak*-scalarly measurable.
The following proposition can be deduced from [2] but we will present a direct proof for sake of completeness.
Proof. Assume that V (H) is not relatively weakly compact. Since the space C(Ω)
has property (V), there exists a WUC series
e n in C(Ω), sequence (m n ) n in H and ε > 0 so that e n , |m n | ≥ ε for each n ∈ N.
, there exists a weak*-scalarly measurable map
Now since C(Ω, E) is norming for M (Ω, E * ), there exists θ n ∈ C(Ω, E), with θ n = 1 and such that θ n , m n ≥ m n − ε/2; i.e.,
Notice also that since θ n (ω) ≤ 1, θ n (ω), g n (ω) ≤ g n (ω) and we get that
So for each n ∈ N,
Fix ψ n = e n (·)θ n (·); the function ψ n belongs to C(Ω, E) and we claim that
ψ n is a WUC series in C(Ω, E). For that it is enough to notice that for any finite subset
Now ψ n , m n ≥ ε/2, ∀ n ∈ N. Contradiction with the assumption that H is a (V)-subset.
For the next proposition, we will use the following notation: for a given measure
relatively weakly compact in M (Ω). Let λ be a control measure for V (H). Fix a sequence (m n χ Am n ) n∈N in {m χ Am , m ∈ H}. We need to show that the countable subset {m n χ Am n , n ∈ N} is a (V)-subset. Let 
This implies that lim sup n→∞ | m n χ Am n , f n | ≤ ε and since ε is arbitrary, we conclude that lim
If we denote by M ∞ (λ, E * ) the set {m ∈ M (Ω, E * ); |m| ≤ λ} then we obtain the following corollary.
and consider λ the control mea-
Proof. Let g m : Ω → R + be the density of |m| with respect to λ.
Choose N ∈ N so that Our next proposition can be viewed as a generalization of Theorem 1 of [15] for sequences of weak*-scalarly measurable maps. We denote by (e n ) the unit vector basis of c 0 , (Ω, Σ, λ) a probability space and for any Banach space F , F 1 stands for the closed unit ball of F .
Proposition 4. Let Z be a separable subspace of a real Banach space E and (f n ) n be a sequence of maps from Ω to E * that are weak*-scalarly measurable with sup n f n ∞ ≤ 1. Let a, b be real numbers with a < b then:
There exist a sequence g n ∈ conv{f n , f n+1 , . . . }, measurable subsets C and L of
(ii) ω ∈ L, there exists k ∈ N so that for each infinite sequence σ of zeros and
The proof is a further extension of the techniques used in [19] and [15] . We will begin by introducing some notations, some of which were already used in [19] and [15] .
Let f n : Ω → E * be a sequence as in the statement of the proposition. We write
Consider L(c 0 , Z) 1 the closed unit ball of L(c 0 , Z) with the strong operator topology.
It is not difficult to see (using the fact that Z is separable) that L(c 0 , Z) 1 is a Polish space; in particular it has a countable basis (O n ) n . Since L(c 0 , Z) 1 is a metric space, we can assume that the O n 's are open balls.
The letter K will stand for the set of all (strongly) closed subsets of L(c 0 , Z) 1 .
We will say that ω → K(ω)(Ω → K) is measurable if the set {ω :
is a measurable subset of Ω for every n ∈ N.
open subset of L(c 0 , Z) 1 and ω → K(ω) a fixed measurable map, we set
Notice that the definition of h n depends on the representation of h n as a block convex combination of f n 's. Similarly we set
The proof of the following lemma is just a notational adjustment of the proof of Lemma 2 of [15] .
Main construction:
Fix a < b and let τ be the first uncountable ordinal. Set h 0 n = f n , we construct as in [15] for α < τ , sequences h α = (h α n ) n , measurable maps K α : Ω → K with the following properties:
Then for each α of the form β + 1 and each h ≪ h α , we have
If α is limit, we set
The construction is done in the same manner as in [15] and is a direct application of Lemma 1.
As in [15] , one can fix an ordinal α < τ such that for a.e. ω ∈ Ω, K α (ω) =
Clearly C and M are measurable and λ(C ∪ L) = 1.
The next lemma is the analogue of Lemma 4 of [15] .
S : c 0 → c 0 be an operator defined as follows Se bn = e n and Se j = 0 if j = b n , n ∈ N. The operator S is obviously bounded linear with
, there exists a least ordinal β for which
The ordinal β cannot be a limit so β = γ + 1 and
The lemma is proved.
The following property of the measurable subset M is somewhat stronger than that obtain in Lemma 5 of [15] and is the main adjustment of the entire proof.
Lemma 3. There exists a subsequence (n(i)) of integers such that for a.e. ω ∈ M , if σ is an infinite sequence of zeros and ones then there exists an operator T ∈ L(c 0 , Z) 1 (which may depend on ω and σ) such that:
Proof. Let us denote by F the set of finite sequences of zeros and ones and F ∞ the set of infinite sequences of zeros and ones. For s ∈ F , |s| will denote the length of s.
Let s = (s 1 , . . . , s n ) and r = (r 1 , . . . , r m ) with n ≤ m. We say that s < r if s i = r i for i ≤ m. Let us fix a representation of (h n ) as block convex combination of (f n ):
We will construct sequences of integers n(i) and m(i); measurable sets B i ⊂ M and measurable maps Q(s, ·) : M → N (for s ∈ F ) such that:
For s, r ∈ F , s < r and (13)
The construction is done in a similar fashion as in [15] ; the only difference is on the selection of the measurable map Q(s, ·) : Ω → N so that (12) is satisfied. For that we consider instead of N, the subset M ⊂ N defined by
and since N and M are equipped with the discrete topology, we can replace N by M and use the same argument to get Q(s, ·) : Ω → M ∪ {0}.
To complete the proof, let
By (15), we get that for m ∈ N and ∀ i ≤ m , ∀ ω ∈ i≤j≤m B j ,
It is easy to check that the same conclusion holds for T ∈ O Q(σ It is now clear that if ω ∈ i≥k B i and T ∈ A, for i ≥ k,
We complete the proof as in [15] :
for σ i = 1 and
for σ i = 0. The sequence (k(i)) is an increasing sequence by (9) so one can construct an operator S : c 0 → c 0 with Se i = e k(i) ∀ i ∈ N and it is now clear that if
The proof of the lemma is complete. For the proposition, we take g i = h n(i) for i ∈ N.
Main Theorem
Theorem 1. Let E be a separable Banach space and Ω be a compact Hausdorff space. Then the space C(Ω, E) has property (V) if and only if E has property (V).
Proof. If C(Ω, E) has property (V), then the space E has property (V) since E is isomorphic to a complemented subspace of C(Ω, E). Conversely, assume that E has property (V). Let H be a (V)-subset of M (Ω, E * ). Our goal is to show that H is relatively weakly compact. Using Corollary 1, one can assume without loss of generality that there exists a probability measure λ on Σ such that |m| ≤ λ for each m ∈ H. Observe that if E has property (V), then E * is weakly sequentially complete and thus M (Ω, E * ) is weakly sequentially complete as shown in [19] (Theorem 17). If H is not relatively weakly compact, then it contains a sequence (m n ) n that is equivalent to the ℓ 1 -basis. By Theorem 14 of [19] , there exists
(f n ) n is a sequence of weak*-scalarly measurable maps and sup n f n ∞ < ∞.
Proposition 5. There exist a sequence g n ∈ conv{f n , f n+1 , . . . }, a positive number δ and a strongly measurable map T : Ω → L(c 0 , E) 1 such that
For the proof of the proposition, let (a(k), b(k)) k∈N be an enumeration of all pairs of rationals with a < b. By induction, we construct sequences (g k ), measurable sets C k , L k of Ω satisfying the following:
(iv) ∀ ω ∈ L k , there exists j ∈ N such that for each infinite sequence σ of zeros and ones, there exists T ∈ L(c 0 , E) 1 such that if n ≥ j
This is just an application of Proposition 4 inductively starting from g 0 = f .
We can choose the above operator measurably using the following lemma:
Lemma 4. There exists a strongly measurable map T : Ω → L(c 0 , E) 1 such that:
To see the lemma, consider L(c 0 , E) 1 with the strong operator topology and E * 1
with the weak*-topology. The space E * 1 is a compact metric space and hence is a Polish space. The space E * N 1 × L(c 0 , E) 1 equipped with the product topology is a Polish space. Let A be the following subset of E * N 1 × L(c 0 , E) 1 :
The set A is clearly a Borel subset of E * N ×L(c 0 , E) 1 and if Π :
is the first projection, Π(A) is an analytic subset of E * N 1 . By Theorem 8.5.3 of [6] , there exists a universally measurable map Θ :
It is easy to check that T satisfies all the requirements of the lemma. The lemma is proved.
Back to the proof of the proposition, we have g n (ω),
and n ≥ j; so lim inf n→∞ g n (ω), T (ω)e n ≥ b(k) for ω ∈ L k , and by Fatou's lemma,
Now if k ∈ N , we consider σ = (0, 0, . . . ) and choose a strongly measurable map ω → T (ω) (using similar argument as in the above lemma) with T (ω) = 0 for ω / ∈ L k and for ω ∈ L k , there exists j ∈ N such that g n (ω), T (ω)e n ≤ a(k) < 0 for n ≥ j.
So we get that lim sup
for each ω ∈ L k and hence lim sup
Since λ(C ∪ L) = 1, we have that λ(Ω \ C) = 0. Choose a sequence (g n ) so that
By the definition of the C k 's and (iii) we have either lim sup n→∞ g n (ω), T e n ≤ b(k) or lim inf n→∞ g n (ω), T e n ≥ a(k) ∀ k ∈ N, and therefore for each ω ∈ C, lim n→∞ g n (ω), T e n exists for every T ∈ L(c 0 , E) 1 (*).
But for ω ∈ Ω ′ , the sequence (f n (ω)) n is equivalent to the ℓ 1 -basis in E * and since (g n ) ≪ (f n ), (g n (ω)) n is also equivalent to the ℓ 1 -basis in E * and therefore {g n (ω), n ≥ 1} cannot be a (V)-subset of E * , i.e., there exists an operator T ∈ L(c 0 , E) 1 such that lim sup n→∞ g n (ω), T e n > 0; but condition ( * ) insures that the limit exists so for each ω ∈ Ω ′ , there exists T ∈ L(c 0 , E) such that lim n→∞ g n (ω), T e n > 0.
We now choose the operator T measurably using the same argument as in the above lemma: i.e., there exists T : Ω → L(c 0 , E) 1 strongly measurable such that T (ω) = 0 for ω / ∈ Ω ′ and lim
for ω ∈ Ω ′ and 0 otherwise.
The map ω → δ(ω) is measurable and we obtain
The proof of the proposition is complete.
To complete the proof of the theorem, fix (g n ) ≪ (f n ), T : Ω → L(c 0 , E) 1 strongly measurable and δ > 0 as in Proposition 5. For each n ∈ N, let G n : Σ → E * be the measure in M (Ω, E * ) defined by:
It is clear that G n ∈ conv{m n χ Ω ′ , m n+1 χ Ω ′ , . . . } and we will show that {G n , n ≥ 1}
is not a (V)-subset of M (Ω, E * ) to get a contradiction by virtue of Proposition 3:
Since ω → T (ω)e n is norm-measurable for each n ∈ N, one can choose (using Lusin's
and such that the map
Let Λ : C(Ω ′′ , E) → C(Ω, E) be an extension operator (the existence of such operator is given by Theorem 21.1.4 of [18] ) and consider t n = Λ(T (·)e n | Ω ′′ ). The
t n is a WUC series in C(Ω, E). In fact the operator S : c 0 → C(Ω ′′ , E)
given by Se = T (·)e| Ω ′′ is easily checked to be linear and bounded and t n = Λ•S(e n ) so ∞ n=1 t n is a WUC series.
The following estimate concludes the proof.
which implies that
This of course shows that {G n , n ≥ 1} is not a (V)-set. The theorem is proved. Proof. The space K(X * , Y ) is isomorphic to K w * (X * * * , Y ) (see [16] ) and it is well known that X * * is injective and so K w * (X * * * , Y ) has property (V) by Corollary 2.
We now turn our attention to Bochner spaces. In [1] , Bombal observed that if E is a closed subspace of an order continuous Banach lattice, then L p (µ, E) has property (V) if 1 < p < ∞ and E has property (V). Our next result shows that for the separable case, property (V) can be lifted to the Bochner space L p (µ, E).
Theorem 2. Let E be a separable Banach space and (Ω, Σ, µ) be a finite measure space. If 1 < p < ∞,then the space L p (µ, E) has property (V) if and only if E does.
Proof. Without loss of generality, we will assume that Ω is a compact Hausdorff space, µ is a Borel measure and Σ is the completion of the field of Borel-measurable subsets of Ω. For 1 < p < ∞, let q such that Let H be a (V)-subset of M q (µ, E * ) and assume that H ⊆ M ∞ (µ, E * ). Since C(Ω, E) ⊂ L p (µ, E) and C(Ω, E) has property (V) by Theorem 1, H is relatively weakly compact in M (Ω, E * ). Let (m n ) n ⊂ H and ρ a lifting of L ∞ (µ). There exists G n ∈ conv{m n , m n+1 , . . . } and G ∈ M ∞ (µ, E * ) such that ρ(G n )(ω) − ρ(G)(ω)
converges to zero for µ a.e. ω. By the Lebesgue dominated convergence
But this is equivalent to say that G n − G q → 0 which proves that H is relatively weakly compact in M q (µ, E * ) (see for instance [21] ). The theorem is proved.
Remark 1.
As it was observed in [17] , the property (V) cannot be lifted from E to L ∞ (µ, E). In fact the space E = (Σ ⊕ ℓ n 1 ) c0 has property (v) but L ∞ (µ, E) contains a complemented copy of ℓ 1 hence failing property (v).
